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Abstract 

Three dimensional black holes in a generalized dilaton gravity action 
theory are analysed. The theory is specified by two fields, the dilaton 
(j) and the graviton g^j^y, and two parameters, the cosmological constant 
A and the Brans-Dicke parameter u. It contains seven different cases, 
of which one distinguishes as special cases, string theory, general re- 
lativity and a theory equivalent to four dimensional general relativity 
with one Killing vector. We study the causal structure and geodesic 
motion of null and timelike particles in the black hole geometries and 
find the ADM masses of the different solutions. 
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1. Introduction 

Black holes are fundamental objects in classical theories of gravitation 
and, through Hawking radiation, are of central importance for the under- 
standing of the physical processes that occur at a quantum gravity scale. 

Black holes were first predicted within four dimensional General Relati- 
vity as structures emerging out of complete gravitational collapse of massive 
objects [|l|. More recently, they have also appeared as exact solutions of seve- 
ral gravity theories in two, three, four and higher dimensions. String theory 
is an example of a theory that has provided a great variety of black hole 
solutions as well as extended black objects such as black strings and black 
membranes 0. Most of these solutions are exact solutions of the low energy 
action of heterotic string theory. 

The study of black holes in dimensions lower than four has proved fruitful 
in two aspects: (i) a better understanding of the physical features (such as 
temperature, entropy, radiated flux) in a black hole geometry, (ii) finding the 
corresponding exact conformal field theory. In relation with the latter, it has 
been shown that the two dimensional black hole of string theory is a solution 
of the full classical action corresponding to an exact conformal field theory 
[0] and that the three dimensional black string can also be recovered from 
such an exact conformal field theory Q . This has not yet ocurred for higher 
dimensions. 

Surprisingly, the only three dimensional black hole in string theory is ob- 
tained by taking the product of the two dimensional black hole with [Q]. 
On the other hand, three dimensional General Relativity with a negative cos- 
mological constant contains a black hole solution with constant curvature [^]. 
This black hole has mass, temperature and entropy and in addition can also 
have charge and angular momentum. It has therefore many features similar 
to the Kerr-Newman black holes in four dimensional General Relativity. 

Our aim in this article is to study three dimensional (3D) static black holes 
in a theory that contains as particular cases General Relativity and string 
theory. For that purpose we consider a generalized dilaton gravity action (i.e. 
a Brans-Dicke action) in 3D. This theory is specified by two fields, the dilaton 
(j) and the graviton (7^,^, and two parameters, the cosmological constant A and 
the Brans-Dicke parameter uj. 

The plan of this article is the following. Section 2 sets up the action and 
the equations of motion. We specify the form of the metric. The ansatz we 
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use is not the most general 3D static metric yet it can give an important cross 
section of the black holes in different uj theories. We start section 3 by finding 
the general solution of the equations of motion and write the corresponding 
Kretschmann scalar which signals the presence of singularities. In section 4 
we use an extension of the formalism of Regge and Teitelboim to derive the 
masses of the black holes. In section 5 we study the seven different cases 
that appear naturally from the solutions. We work out in detail the causal 
structure and the geodesic motion of null and timelike particles for each case 
separately. Thus section 5 is divided in seven subsections. In section 6 we 
present the concluding remarks. 

2. The Equations 

We are going to work with the following action, 

S = ^J (fx^e-^^ (r - Auj {d(l)f + , (1) 

where g is the determinant of the 3D metric, R is the curvature scalar, 
is a scalar field, A is a constant and u; is a parameter. Equation (|^) is a 
Brans-Dicke action in three-dimensions. 

Varying this equation with respect to (j) and g"'^ one gets the following 
equations, 

R - AujD^D^ + AujD^D^ + = 0, (2) 

hiab - 2 (o^ + 1) Da<pD,<P + DaD,<P - gabD^D'^cj) 

+ + 2) gabD,(PD'(l) - gabX^ = 0, (3) 

where Gab = Rab — \gabR is the Einstein tensor and D represents the covariant 
derivative. 

We want to obtain static black hole solutions. The most general static 
metric with a Killing vector d/d^p with closed orbits in three dimensions can 
be written in the Schwarzschild gauge as [0: 

rfs2 _ -e^KO^^a^e^'^^'^rfr^ + r^dyp^ < < 27r. (4) 

Now, each different uj can be viewed as yielding a different dilaton gravity 
theory. For instance, for uj = —1 one gets the simplest low energy string 
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action |^ , for u = one gets a theory related to General Relativity with one 
Killing vector , for a; = oo one obtains three dimensional General Relativity 
[^]. Each different u has a very rich and non-trivial structure of solutions 
which could be considered on its own. Here we do not attempt to study 
the whole set of solutions of the different theories. Rather, we drastically 
restrict the general metric (^) in order to probe, with particular solutions, 
each theory. In this way one can compare different black hole solutions in 
different theories. Our choice is to work in a particular Schwarzschild gauge, 
/i(r) = — z/(r), where the metric is written as: 

Inserting this metric in equations (Q) and @ one obtains the following set 
of four differential equations: 

f / \ 2 yy , \2 ^2 / \ 

LU(f) rr + "^UJcf) r-l^ r + ^— ^^Wr) H ' hl'^r) — A C" =0/6) 

' ' r ' r 2 ' 

(P,rr + ^,rTy,r + ^ - (cU + 2) - ^ + X^C'^'^ = 0, (7) 

r 2r 

_ ^ _ ^(0 )2 + ^ _ A2e-2- = 0, (8) 
r 2r 

0,„. + 20,,z/,, -{00 + 2)(0,,)' - ^ - + X^e-^" = 0, (9) 
where denotes a derivative with respect to r. 



3. The general solution 

Let us first consider the case u —1. Summing up equations and (|^) 
one obtains (j)^rr = 2(ct; + yielding for the dilaton field the following 

solution: 

= - 2^J+l) ^'' + l)r + Ai] + ^2, (10) 

where Ai and are constants of integration. One can, without loss of 
generality, choose Ai = 0. Then, eq. (p!OD can be written as: 

6-2"^ = A(ar)^, (11) 
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where a is a constant (see below). The dimensionless constant A can be 
viewed as a normahzation to the action (|I|). Since it has no influence in our 
calculations, apart a possible redefiniton of the mass (see section 4), we set 
A = l. 

Inserting the solution (0) in equations (|D-(^, we obtain for the metric: 



(ar) — 



(ar) 



dV + 



[ary 



+ r'^dip^ 



{ar) 



ds' 



ds' 



dr'^ 



- (br - r"^) dt^ + — - + r^di/ 



AX'r'\n{br)dr - 



dr^ 



uj = -2, 



+ r'^d(f'^ 



AX^r"^ ln(6r) 

3 

UJ = — , 
2' 



(12) 



(13) 



(14) 



and (O) a is defined as: 



where 6 is a constant of integration. For the cases covered by equations (pJ]) 

2iuj + l)\X\ 

(15) 



'uj + 2){2uj + 3) 



For the other cases (covered by equations (0), (|T^) and (|T^)) we set a = 1. 
For u = —2 equations (|^)-(|^) imply A = 0. Since we are interested in 
solutions with horizons, we will take the constant b to be positive. As it will 
be shown below, this constant is related with the mass of the solutions. 

For u = —1, it follows from equations (il)-(i) that X = 0, u = Ci, = C2, 
where Ci and C2 are constants of integration. 

An important quantity, which signals the appearence of a curvature sin- 
gularity, is the Kretschmann scalar: 



T-> Tyabcd 
^abcd-ti 



12a* + 



ba^ 



3cj2 + 8w + 6 6^0^ 

hi 



a; 7^-2, -J, -1,(16) 
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o lyabcd 



RabcdR' 



abed 



12 



16A^ 



262 



.2 ' 



11 + 201n(6r) + 12\n^ (br] 



iO = — - 



An inspection of the Kretschmann scalar reveals that for 



< 00 < 



(17) 
(18) 
■1 



the curvature singularity is located at r = +oo and for 
singularity is at r = 0. For o; = — | both r = and r = 
For a; = oo spacetime has no curvature singularities. 



-| > > -1 the 
+00 are singular. 



4. The ADM mass of the solutions 



The solutions (P!^-(H) allow a meaningful definition of mass. Here we 
apply the formalism of Regge and Teitelboim p (see also [§). 
We write the metric (^) in the canonical form 



J 



(19) 



where N^{r) is the lapse function and /(r) is a well defined function. Then, 
the Hamiltonian form of the action can be written as: 



S = At drN 



4f(r0,,e-2*),, + (2r0,,-l)(/2), 



-2(t> 



Aujrf 



-24, 



+ AX^re 



-20 



+ B. 



(20) 



= ^ is a Lagrange multiplier imposing a constraint on the action and B 
is a surface term. Upon varying the action with respect to 5f and 5(1) one 
picks up aditional surface terms. Indeed, 



5S 



-AtN 



+ Hf 



+ 6B 



+ (terms vanishing when the equations of motion hold). (21) 

In order that the Hamilton's equations are satisfied, the surface term B has 
to be adjusted so that it cancels the first four terms on the right hand side 
of equation (^TJ). Taking in account that in the gauge of eq. (|T9|) 50 = 0, we 
obtain: 

(22) 



6B = -AtN 



(2r0,, - l)e-2'^5/ 
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The term in square brackets gives the mass, since it is the term conjugate to 
N. Inserting the solutions (|Tl])-(|l^, one obtains for the mass: 



M = ^^6, (23) 
M = -4A2ln(6), ^ = '^^^^ 

Note that if we have not set yl = 1 in eq. ([TI|) all the masses M would be 
rescaled by the factor A itself. 



5. Causal structure and geodesic motion for the seven different 
solutions 

Given a black hole spacetime it is of great interest to study its geodesies, 
since in turn they can shed some light on the nature of the spacetime itself. 
The equations governing the geodesies can be derived from the Lagrangian 

1 dx"- dx^ 

where r is some affine parameter along the geodesic. For timelike geodesies 
r can be identified with the proper time of the particle moving along the 
geodesic. Inserting the metric (|^) one obtains 

E, (26) 

V ' / 

where 

(27) 





is the potencial, L is the angular momentum, a = 1 for timelike geodesies 
and a = for null geodesies, ii^ is a constant, which cannot be interpreted 
as the energy of the particle at infinity. Inspection of eq. ( PB| ) will allow in 
a simple manner to analyse geodesic motion. Since inside the horizon r and 
t change roles (r becomes the temporal coordinate), equations (^) and (^) 
will be used to identify closed timelike curves. 
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It is also important to study the causal structure of each spacetime. In 
order to do so we define the advanced and retarded null coordinates, 



u = t — r^, v = t + r^. (28) 
Then, the metric (j^) becomes: 

ds^ = -e^''^''^dudv + r^d<f'^, (29) 
where is the "tortoise" coordinate 

r,= f e-^^^'Ur. (30) 



The maximal analytical extension is performed by introducing Kruskal coor- 
dinates U and V (see below). 

In general, the integral in eq. (pO]) does not have an analytical expression 



for the solutions given by eqs. (|T^)-(|Tj). Moreover, the maximal analytical 



extension depends critically on the values of lu. There are seven cases which 

-|) - {-2}, = -2, = -|, 



have to be treated separately: (— oo < u < — |) — {—2}, u = —2, u — ^ 
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2 < a; < —1, LJ = —1, — 1 < a; < +oo and u = ±oo. 



5.1 (-00 < a; < -|) 



{-2} 



Within this range of values of u there is no general analytical solution for 
the integral in eq. (PPI). Thus, we are going to analyse uj = —3, which is a 
typical case. As it will be shown this solution corresponds to a black hole. 

The dilaton and the metric are 



-20 



1 



4v/3|A| 



ar 



{arf 



df + 



dr"^ 



[ar] 



ar 



+ r'^di/ 



(31) 

(32) 



with a - 

Since for different (positive) values of h the causal structure and the cha- 
racter of geodesic motion do not change, we have taken here and will take 
throughout this paper 6=1, except when analysing the mass of the solutions. 
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To remove the coordinate singularity at the horizon (ar = 1) we introduce 
the Kruskal coordinates 



where =F correspond, respectively, to region I (ar > 1) and to region II 
(0 < ar < 1). Now the metric takes the form 



where r = r{U, V). To regions I and II there correspond regions I' and 11', 
which are simply a replic of the former. The true spacetime singularity is 
located at ar = 0. The timelike infinity can be properly defined at ar oo. 
See figure 1 for the Penrose diagram. 
The potential (pT]), 



indicates that, in region I, there are no bounded orbits for timelike and 
null geodesic motion. Particles moving along null geodesies (for which E < 
a^L"^ 7^ 0) and timelike geodesies will fall inside the black hole. Null geodesies 
for which L = ot E > a'^L^ ^ reach spatial infinity for a infinite value of 
its affine parameter r. Inside the horizon, coordinates r and t change roles; in 
particular, r becomes a temporal coordinate. Equations (^) and (^) then 
show that there are closed timelike curves for certain values of L and E. 
Evaluating eq. (p3[) for the mass we obtain for the a; = — 3 black hole: 




(33) 




(34) 




(35) 



M 



b 



(36) 



2 



From equation ( P5| ) it follows that the mass is positive for the black holes in 
the range of values of u from —oo to —2, and negative for —2 < u < — |. 



5.2 uj 



2 



This solution corresponds to a naked singularity. 
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The dilaton and the metric are 

e-^^ = -, (37) 
r 

ds^ = - f-r^ + r) dt^ + + r^rfy?^. (38) 

\ / — f-^ -|- f 

There is a coordinate singularity at r = 1. To remove it we introduce the 
Kruskal coordinates 

U = T'2 exp (-^w) , V = 2 exp Qt;) , (39) 

where =F correspond, respectively, to region I (0 < r < 1) and to region II 
(r > 1). Now the metric reads: 

ds"^ = -r'^dUdV + r^difi^. (40) 

To regions I and II there correspond regions I' and IF, which are simply 
a replic of the former. The singularity at r = is a naked null singularity. 
See figure 2 for the Penrose diagram. 

Analysing the potential 




V{r) = (-r^ + r){a + — ], (41) 



one concludes that there are bounded timelike orbits for values of the angular 
momentum in the range < < 1/27. For null geodesic motion there are 
no bounded orbits. Particles with L ^ moving along null and timelike 
geodesies will not hit the singularity; those that not describe bounded orbits 
will fall inside region II. In this region, both null and timelike geodesies, can 
be extended up to arbitrary large values of the affine parameter r. For both 
timelike and null geodesic motion the naked singularity can be reached only 
for L = 0. 

It is straightforward to conclude from eq. (pSf) that the mass equals zero. 



5.3 = -| 

This solution corresponds to a spacetime whose whole frontier is singular. 
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The dilaton and the metric are 



-2(f> 



+ r'^dip'^ 



(42) 
(43) 



To remove the coordinate singularity at r = 1 (horizon) we introduce the 
Kruskal coordinates 



U = exp {-2X\) , V=^exp (2A 



(44) 



where =F correspond, respectively, to region I (0 < r < 1) and to region II 
(r > 1). Now the metric takes the form 



ds'' 



4A r exp 



E 

k=l 



;-l)^'(lnr)^' 
kk\ 



dUdV + r^dip'^. 



(45) 



To regions I and II there correspond regions I' and IF, which are simply a 
replic of the former. The whole frontier of spacetime is singular; indeed, the 
Kretschmann scalar (see eq. (|TB|)) diverges for r = and r = +oo. That 
r = +00 is spacelike can be obtained by calculating the limit r +oo of 



uv 



1 

4A 
1 
4A 



2 exp 



2 exp 



In I In r I 



^/^ dy 



E 

k=l 



4A2 



exp 



Iny 

-oo y 



-l)^(lnr) 
kk\ 

(r > 1) 

(0<r<l), 



(46) 
(47) 



which is i.e. a horizontal hyperbola in the Kruskal diagram or a horizontal 
line in the Penrose diagram. Making a similar calculation for r = 0, we obtain 
that UV = —oo, which corresponds to 45 degree lines in the Penrose diagram 
(see figure 3). 
The potential 



V{r) = -4AV^lnr a + 



(48) 
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indicates that, in region I, there are bounded orbits for timehke geodesic 
motion for certain values of E and L. Timehke and nuU geodesies for which 
L 7^ do not reach the naked singularity at r = 0. Those that not describe 
bounded orbits will enter region II, where they can be extended up to infinite 
values of the affine parameter r. The analysis of radial (L = 0) timelike and 
null geodesic motion indicates that singularity at r = can be reached for 
finite values of the affine parameter. 

For the mass of this solution we have that M = — 4A^ ln(6) (see eq. (p4D). 
Depending on the value of the constant of integration b, the mass can be 
positive, negative or zero. 



5.4 -| < < -1 



Within this range of values of u there is no general analytical solution for 



the integral in eq. (|30|). Thus, we are going to analyse here the case uj 
As it will be shown this solution corresponds to a black hole. 
The dilaton and the metric are 



4 



ds 



e-'^ = (49) 

dr 



ar r — ar r 



with a = —\/2\X\. The coordinate singularity at the horizon ( 
removed by the introduction of the following Kruskal coordinates: 



IS 



U = Tle.p[\), ^=^exp(-^,), (51) 

where =F correspond, respectively, to region I (0 < ar < 1) and to region II 
(ar > 1). In these coordinates the metric takes the form 

ds'^ = -{arfe~^dUdV + r'^d^'^. (52) 

The physical singularity is located inside the horizon at ar = +oo, while 
at ar = there is a topological singularity. For this reason the spacetime 
manifold cannot be extended for negative values of r, contrary to the two- 
dimensional case [|T0|. For the Penrose diagram see figure 4. 
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Let us now consider geodesic motion. An analysis of the potential (p^) 



V{r)= {arf-{arf (a + ^l, (53) 




indicates that, in region I, there are bounded orbits for timelike geodesic 
motion if < a^L?' < |. For null geodesic motion there are no bounded 
orbits. Both timelike and null geodesies can be extended up to the conical 
singularity at r = for a finite value of the affine parameter r. Inside the 
horizon it will take a finite proper time for a observer moving along a timelike 
geodesic to fall into the singularity. Null geodesies can be extended up to 
infinite values of the affine parameter. Thus, except for those values of L 
and E corresponding to bounded orbits, all timelike geodesic observers will 
fall into a singularity (physical or conical) in a finite proper time. 

In this range of values of u we have to distinguish between two cases: 

— I < < — I (including the case we have been considering) and — | < a; < 

— 1. Although both cases have the same causal structure, they differ in what 
concerns geodesic motion, the difference being the fact that for the latter 
case there are no bounded orbits in region I. Thus, timelike geodesic motion 
will end inevitably in a singularity after a finite amount of proper time have 
been elapsed. 

For c<j = — I the mass is given by (see eq. (P3|)): 

M = -2b. (54) 

For the range of values of u we are considering in this subsection, the mass 
is always negative. 



5.5 uj = -I 

This case is interesting since u = —1 corresponds to the simplest low 
energy action in string theory. 

Here, the dilaton field is constant and the metric reads 

ds'^ = -dt^ + rfr^ + r^dip\ (55) 

which is the metric of three-dimensional Minkowski spacetime. Thus, there 
are no black hole solutions. This is a known result 0, ^; there are no 
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static axisymmetric black holes in three dimensional string theory apart a 
very special one. This special black hole is trivially obtained through the 
product of the two dimensional black hole |TT]] with S^. It can also be 
obtained through eq. ([12D , if one makes the following singular coordinate 
transformation: ^ 

r — i> f = — In(ar). (56) 

ct 

Then, the metric (O) becomes: 



ds^ = - (l - te-l^l^^) dt^ + + (57) 

where (i<^^ = ^zC^V^- The dilaton field in this case is given by e"^*^ = e^l'*"'^. 



5.6 —l<u< +00 

Within this range of values of u there is no general analytical solution 
for the integral in eq. (|30|). Thus, we are going to analyse u = 0, which is a 
typical case. 

The black hole solution obtained in this case was first discussed in ref. [|], 
where the three-dimensional gravity theory was obtained through dimen- 
sional reduction from four dimensional General Relativity with one Killing 
vector field. 

The dilaton and the metric are 



= ar, (58) 

ds^ = - 



[ar)2 - — 
ar 



dv 

+ r + r^d^^^ (59) 

ar r — - 



ar 



with a = ^^^^ . Introducing Kruskal coordinates 

2 / 3a \ ,,2 /3a \ , . 

f/ = exp [^--u) , ^ = ^ exp (^-.j , (60) 

where =F correspond, respectively, to region I (ar > 1) and to region II 
(0 < ar < 1), the coordinate singularity at ar = 1 is removed, yielding a 
metric which takes the form 



[(ar)2 + ar + 1]^^^ -^/Sarctan 



2ar+l 



ar 
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The true spacetime singularity is located at ar = and the infinity r = +00 
is timelike. Thus, the causal structure of this black hole solution is similar 
to the one discussed in section 3.1 (see figure 1 for the Penrose diagram). 
From the potential (ETI) 



V{r) 



[arf - 1 
ar 




(62) 



it follows that there are no bounded null or timelike geodesic motion. An 
observer moving in region I along a timelike geodesic will inevitably cross 
the horizon and enter the black hole, where an finite proper time is required 
for him to hit the singularity. Null geodesies for which L = or > a^L^ 7^ 
can be, in region I, extended up to arbitrary large values of the affine 
parameter r. In region II, null geodesies will reach the singularity for finite 
values of r. 

Evaluating eq. (|2^ for the mass we obtain 

M = 2b. (63) 

The mass is positive for any of the values of u in consideration in this sub- 
section. 



5.7 uj = =1=00 



For these values of the parameter u the dilaton field is constant and the 
metric is given by 



[ar 



(arV — b 



V2|A|, (64) 



corresponding to the three-dimensional anti-de Sitter spacetime. Upon iden- 
tifying certain points of the anti-de Sitter space by means of a discrete sub- 
group of its isometry group S'0(2,2) a black hole arises |]12|. The causal 
structure of the black hole solution is similar to the one exhibited in figure 1 
with the difference that the surface r = is not a curvature singularity but, 
rather, a singularity in the causal structure. For a detailed discussion of this 
black hole see ref. 



T2|. The geodesies are analysed in ref. 13 
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6. Conclusions 



We have found static black hole solutions in a generalized 3D dilaton 
gravity specified by the Brans-Dicke parameter uj. Although we have worked 
in a particular Schwarzschild gauge metric, one knows that there are two 
theories for which the corresponding black hole is unique. They are General 
Relativity {u oo) |jl2|], and string theory 1^(1^7 = —1). However, for uj = 
we suspect that there is a whole class of different black holes. This is because 
u; = is equivalent to four dimensional General Relativity with one Killing 
vector and there are infinitely many solutions for cylindrical symmetry in 
four dimensions |^. For the other uj cases there are hints that a rich 
black hole structure, similar to the = theory, arises |T^. 

In another work |jlO[ we have found the two dimensional (2D) black holes 
of the corresponding generalized dilaton gravity theory. Denoting by uj^ the 
Brans-Dicke parameter in 3D and by uj2 the Brans-Dicke parameter in 2D, 
one finds that for causal structure purposes they are related by = — ^^7^- 
Then by straight comparison of the Penrose diagrams one sees that the causal 
structure of some of the 2D black holes is richer than the corresponding 3D 
ones (e.g. = — |). This is a topological effect and is due to the fact that in 
3D, if r = is a non-spacelike curve, then it can be considered as a boundary 
of space while in 2D one can continue past r = to negative values of r. 
On the other hand, the geodesic structure of the 3D black hole geometries is 
much richer than the 2D ones, since in 3D one can have circular, spiralling 
inward and spiralling outward physical orbits. 
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Figure Captions 

Figure 1. Penrose diagram for the black holes with uo = —3 and a; = 0, 

representative cases of {—oo < oj < — |) — {—2} and —l<uj< +cxo, 
respectively. In all figures a double line represents a curvature singularity. 

Figure 2. Penrose diagram for uj — —2. 

Figure 3. Penrose diagram for a; = — |. 

Figure 4. Penrose diagram for the black hole with a; = — |, representative 
case of— |<a;<— 1. The darker line represents a conical singularity at 
r = 0. 
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